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Abstract
The analytic treatment of the non-inertial rotational diffusion equation, i.e., of the
Smoluchowski’s one (SE), in a symmetric genuinely double-well Maier-Saupe uni-
axial potential of mean torque is considered. Such potential may find applications
to reorientations of the fragments of structure in polymers and proteins. We obtain
the exact solution of SE via the confluent Heun’s function. The solution is uniformly
valid for any barrier height. We apply the obtained solution to the calculation of
the mean first passage time and the longitudinal correlation time and obtain their
precise dependence on the barrier height. In the intermediate to high barrier (low
temperature) region the results of our approach are in full agreement with those
of the approach developed by Coffey, Kalmykov, De´jardin and their coauthors. In
the low barrier (high temperature) region our results noticeably distinguish from
the predictions of the literature formula and give appreciably greater values for the
transition rates from the potential well. The reason is that the above mentioned
formula is obtained in the stationary limit. We conclude that for very small bar-
rier heights the transient dynamics plays a crucial role and has to be taken into
account explicitly. When this requirement is satisfied (as, e.g, at the calculation of
the longitudinal correlation time) we obtain absolute identity of our results with
the literature formula in the whole range of barrier heights. The drawbacks of our
approach are its applicability only to the symmetric potential and its inability to
yield an analytical expression for the smallest non-vanishing eigenvalue.
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1 Introduction
Rotational reorientations are a particular type of motion whose utmost impor-
tance for applications can hardly be underestimated. They are ubiquitous in
physics-chemical studies of liquid crystals, polymers, proteins, lipids and many
other kinds of the stuff. Rotational reorientations are investigated experimen-
tally with the help of NMR, dielectric relaxation spectroscopy, fluorescence
depolarization, etc (see, e.g., [1] and refs. therein). The main theoretical tool
for their investigation is the Smoluchowski’s equation (SE), i.e., non-inertial
rotational diffusion equation for a rigid body in an external potential of mean
torque. It is an approximation to the more general master equation (ME).
The latter is one of the basic tools in non-equilibrium statistical mechanics
and physical kinetics [2], [3], [4]. ME is that for the time evolution of the
probability density and consequently it expresses the fundamental principle
of kinetic balance. Continuous ME is an integro-differential equation and gen-
erally it is rather difficult for analytical treatment. ME is the starting point
for all models of molecular reorientation [5]. In each particular case physical
intuition and/or first principles calculations have to be used in order to formu-
late an explicit expression for the transition probability which determines the
entire process. However, in only very few examples the transition probability
allows an analytic solution of ME. This difficulty is the reason why (instead
of looking for an analytic solution) one usually tries to find approximations to
the original ME. The well-known Kramers-Moyal expansion, e.g., transforms
ME into a partial differential equation of infinite order. The transition from
ME (by Taylor series expansion of the jump probabilities and the probability
density for infinitely small jump steps) results in the Fokker-Planck equation
which is a partial differential one [2], [3], [6]. For the case when the inertial
effects are negligible (overdamped limit) the latter is reduced to SE. There
is vast literature on their study and applications [2], [3], [6], [7], [8], [9], [10],
[11], [12], [13], [14], [15], [16], [17], [18], [20], [21], [22], [23], [24], [25], [26], [27],
[28], [29]. The applications of them to the dielectric spectroscopy [30], [31],
[27], fluorescence depolarization [16] and NMR relaxation of liquid crystals
(see [32], [33], [34] and refs. therein) have been thoroughly explored. Also,
the extension of the theory from ordinary diffusion to the fractional one is
intensively studied (see [26], and refs. therein).
As mentioned above, SE is only an approximation to ME valid for the case
of infinitely small jump steps in a space variable. According to [5] all models
for molecular motion are divided into a jump process and a diffusion process.
The jumps can take place between discrete set of accessible places or in the
continuous region of accessible places. In the latter case the diffusion limit
is that of infinitely small jump steps. There is a fundamental result that ”a
diffusion process always be approximated by a jump process, not the reverse”
[3]. Thus the diffusion model ([8], [10], [11], [16], [21], [22]) can be inferred from
2
the jump model. In this regard SE is subordinate to ME. One has to resort
to SE because in the general case its treatment is easier than that of ME. SE
arises in the theory of ferromagnetism (where it is called Brown’s equation)
[37] and that of molecular rotational motion in a uniaxial potential [28], [26]
(occurring for dynamics of liquid crystals, dielectric relaxation, etc.). In its
turn, a particular case of SE in a uniaxial double-well potential of the mean
torque can be analyzed with the help of the effective potential comprising
the Maier-Saupe one as an ingredient. The latter is widely used in the theory
of rotational reorientations of nematic liquid crystals [32], [33], [34], theory
of ferromagnetism [35], [36], [37] and in the theory of dielectric relaxation of
rod-like molecules [26], [28].
The most powerful approach to the problem was developed by Coffey, Kalmykov,
De´jardin and their coauthors in the above mentioned papers [7], [17], [26], [27],
[28], [29]. For the sake of brevity we further call it as CKD. The approach is
based on the expansion of the probability distribution function as a series of
spherical harmonics. This method is well suited for the potentials of mean
torque that can be expanded in terms of spherical harmonics. It results in an
infinite hierarchy of differential-recurrence relations for the the moments (the
expectation values of the spherical harmonics). CKD is an exact approach that
uses no approximations and imposes no physical limitations. For instance, the
exact solution in the form of the Green function in the frequency domain was
given as a continued fraction [38]. Moreover, the correlation time, mean first
passage time, etc. may be rendered exactly by writing the continued fractions
in integral form. Also, the finite integral representations of the various relax-
ation times may be calculated directly by quadratures [39], [40], [41]. However,
CKD still leaves room for complementary development that uses the expan-
sion of the solution over eigenfunctions of Smoluchowski’s operator rather than
that over Legendre polynomials.
In the present paper we deal with one-dimentional motion along the polar
angle ψ coordinate. Such situation can arise in two ways. First, the system is
invariant relative the rotations along the azimuthal angle ϕ coordinate. This
case is familiar in the theory of nematic liquid crystals, that of ferromagnetism,
etc. and is well described by the ordinary Maier-Saupe uniaxial potential of
mean torque having the minimums at ψ = 0 and ψ = pi. Many well known
results exist for this case in the literature (see above cited papers). The nor-
malization of the probability distribution function for this case is given below
(1). Second, the system undergoes reorientations along the polar angle ψ co-
ordinate at fixed azimuthal angle ϕ = ϕ0 = const. Such case can take place
for the motion (in molecular frame) of fragments of structure in polymers or
in proteins. For instance, the motion of Ω-loops in proteins (see, e.g., [42], Sec.
III A in [43] and refs. therein) may be considered as a reorientation between
stable conformations one of which is ”open” state and the other is ”closed”
one. Such motion has important functional role because the Ω-loop usually
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plays the role of a lid that regulates the penetration of a ligand into protein
interior or the access of a substrate into enzyme active site as, e.g., in the
case of triosephosphate isomerase [42]. These reorientations between stable
conformations may be considered as a transition between the wells of the cor-
responding potential over its barrier. It should be stressed that the minimums
of the potential in this case do not necessarily lie at ψ = 0 and ψ = pi and
we need a genuinely double-well potential. A convenient way to obtain such
potential is to add a logarithmic contribution to the Maier-Saupe one. Such
contribution is suggested by the potential devised in the paper of Pastor and
Szabo [44]. There may be different suitable functions under the logarithm but
we show that the one used in the present paper is the mostly convenient one
because it makes it possible to obtain the representation of the eigenfunctions
of the Smoluchowski’s operator via the known and rather well studied (up to
the point that it is tabulated in Maple) special function, namely the confluent
Heun’s function (CHF). The resulting double-well potential for reorientational
motion is a model typical one analogous to the famous −ax2 + bx4 for trans-
lational motion. Unfortunately, there is a tiny problem. The normalization of
the probability distribution function for this case is
1
4pi
2pi∫
0
dϕ δ (ϕ− ϕ0)
pi∫
0
dψ sinψ f(ψ, t) =
1
4pi
pi∫
0
dψ sinψ f(ψ, t) = 1
In all other respects the description of the motion along the polar angle ψ
coordinate remains absolutely the same as in the first case. Thus, the results
for two realistic cases can not be directly compared with one another because
it is necessary to keep in mind some ”transformation” constant. We find it
awkward to suggest a model for the second case that can not be directly
compared with the previous literature data for the first case. For this reason
we construct a combined model potential. We use the double well Maier-Saupe
potential of the second case for the polar angle ψ but at the same time use
the isotropy over the azimuthal angle ϕ of the first one (i.e., make use of the
normalization (1)). The resulting uniaxial potential of mean torque may seem
unphysical but it has the advantage that it provides direct comparison of our
results with the known literature ones especially with those of CKD approach.
We show that the approach developed in the present paper is valid for such
hypothetical potential and hence it remains robust for a realistic situation of
the second case.
Thus, it seems interesting to obtain the analytic solution of the problem mak-
ing use the expansion over eigenfunctions of Smoluchowski’s operator for the
double well Maier-Saupe potential that makes it possible and to compare the
results of CKD with it. In the present paper we show that for the case of
symmetric potential the problem under consideration appears to be amenable
to stringent analytic treatment. We obtain the exact solution for the case of
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SE for reorientational motion in a symmetric double-well Maier-Saupe uniax-
ial potential of mean torque via CHF. Our solution is uniformly valid for any
barrier height. The CHF is a known and by now well described special func-
tion which is a solution of the confluent Heun’s equation [45], [46], [47], [48].
We apply the obtained solution to the calculation of the mean first passage
time (MFPT) and the longitudinal correlation time and obtain their precise
dependence on the barrier height.
The paper is organized as follows. In Sec. 2 the problem under study is for-
mulated. In Sec. 3 the solution of SE is presented. In Sec. 4 the probability
distribution function is obtained. In Sec. 5 the general result is exemplified by
the calculation of the escape rate from a well in the double-well Maier-Saupe
uniaxial potential of mean torque. Also the longitudinal correlation time is
calculated. In Sec. 6 the results are discussed and the conclusions are summa-
rized. In Appendix the numerical calculations with CHF are considered.
2 Smoluchowski’s equation
In the spherical frame Ξ ≡ {ψ, ϕ} (where 0 ≤ ψ ≤ pi is the polar angle and
0 ≤ ϕ ≤ 2pi is the azimuthal one) we introduce the conditional probability
P (Ξ, t; Ξ0, 0) of finding the probe at orientation Ξ at time t, if the orientation
was Ξ0 at time zero and the equilibrium distribution function Peq (Ξ). The
latter represents the equilibrium probability of finding the probe at orienta-
tion Ξ and is connected to the anisotropic potential of mean torque U (Ξ)
through the Boltzmann distribution. In many practical situations the distri-
bution function P (Ξ, t; Ξ0, 0) and Peq (Ξ) characterizing a system of interest
usually depend only on the polar angle ψ (that between the axis of the probe
and the z axis of the chosen frame). The most notable example is nematic
liquid crystals in a uniaxial phase for which a rotation about the director,
assumed to be the z laboratory axis, should leave the system invariant. Such
situations arise for axially symmetric potentials when there are no dynamical
coupling between the longitudinal and the transverse modes of motion. In this
case the longitudinal modes are governed by the single state variable (polar
angle ψ that is called colatitude [37]) while the azimuthal angle gives rise only
to a steady precession round the axis z. As is stressed in [37] in the theory of
ferromagnetism the exact Fokker-Planck equation in the single variable (i.e.,
SE) follows directly from the axial symmetry of the potential. In the theory
of non-inertial rotational diffusion for a rigid body the requirement of strong
damping is necessary besides the above one [37].
For the sake of brevity we further denote such distribution functions as
P (Ξ, t; Ξ0, 0) = P (ψ, t;ψ0, 0) ≡ f(ψ, t)
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and Peq (Ξ) = Peq (ψ) ≡ feq(ψ) = f(ψ, t → ∞). The latter is defined by the
potential of mean torque V (ψ) originating from the long range order of the
system
feq(ψ) = const exp [−V (ψ)/ (kBT )]
The distribution function f(ψ, t) must be a solution of ME or approximately
of the corresponding SE. The latter is the equation for the time evolution of
the distribution function f(ψ, t). This function must be normalized so that its
integral over the whole space gives
1
4pi
2pi∫
0
dϕ
pi∫
0
dψ sinψ f(ψ, t) =
1
2
pi∫
0
dψ sinψ f(ψ, t) = 1 (1)
The normalized initial condition takes the form
f(ψ, 0) =
2
sinψ0
δ(ψ − ψ0) (2)
For a uniaxial potential of mean torque V (ψ) SE under consideration is [28],
[26]
2τ
∂f(ψ, t)
∂t
=
β
sinψ
∂
∂ψ
[
sinψf(ψ, t)
∂V (ψ)
∂ψ
]
+
1
sinψ
∂
∂ψ
[
sinψ
∂f(ψ, t)
∂ψ
]
(3)
where τ is the characteristic relaxation time for isotropic non-inertial rota-
tional diffusion (e.g., τD the Debye one for the theory of dielectric relaxation
or τN the Ne´el one for the theory of ferromagnetism) and β = 1/ (kBT ). We
introduce a new variable
x = cosψ (4)
Then the equation takes the form
∂f(x, t)
∂t
=
1
2τ
∂
∂x
[
(1− x2)
(
∂f(x, t)
∂x
+ βf(x, t)V ′(x)
)]
(5)
where the dash means the derivative over variable x.
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In the stationary limit t → ∞ the probability distribution function f(x, t)
must tend to its equilibrium value feq(x). Thus we have
∂f(x, t)
∂t
= 0
and
f(x, t→∞)→ feq(x) = const exp
(
−V (x)
kBT
)
(6)
Further we consider the effective double-well potential with logarithmic con-
tribution − 1
β
ln(1 − x2). This form is suggested by the potential devised in
[44]
V (x) = U(x)− 1
β
ln(1− x2) (7)
where the ingredient U(x) is responsible for the barrier. The Maier-Saupe
contribution is most widely used in the literature
U(x) = UMS(x) = b(1− x2) (8)
where the parameter b defines the barrier height. We introduce the dimension-
less parameter
α =
βb
2
(9)
The obtained double-well Maier-Saupe uniaxial potential of mean torque is
depicted in Fig.1. We call this potential the double-well Maier-Saupe to dis-
tinguish it from the ordinary Maier-Saupe one UMS(x).
3 Solution of Smoluchowski’s equation
Equation (5) can be solved by separation of variables
f(x, t) = η(x)χ(t) (10)
Denoting the separation constant as −ρ (ρ > 0) we obtain
χ(t) = exp (−ρt) (11)
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Fig. 1. The symmetric double-well Maier-Saupe uniaxial potential of mean torque
V (ψ) = b sin2 ψ − kBT ln
(
sin2 ψ
)
. It is called the double-well potential in the
present paper to oppose it to the ordinary Maier-Saupe one UMS(ψ) = b sin
2 ψ.
The barrier height is σ = b/(kBT )− 1− ln [b/(kBT )].
and the equation for the function η(x)
(
1− x2
)
[η′′xx(x)− 4αxη′x(x)] + 2
(
ρτ + 1− 2α+ 6αx2
)
η(x) = 0 (12)
We introduce a new variable
y = x2 (13)
The equation takes the form
y(y − 1)η′′yy(y) +
[
−2αy2 +
(
2α +
1
2
)
y − 1
2
]
η′y(y)−
[
3αy +
1
2
(ρτ + 1− 2α)
]
η(y) = 0 (14)
It belongs to a class of the so-called confluent Heun’s equation [45]. Equation
(14) has fundamental solutions that can be expressed via the confluent Heun’s
function (CHF). The latter is a known special function [45], [47]. At present
it is realized explicitly in the only symbolic computational software package
Maple as HeunC and its derivative HeunCPrime (see [47] for expert opin-
ion on the merits and drawbacks of this computational tool in Maple). The
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fundamental solutions of (14) are
η(1)(y) = HeunC
(
−2α,−1/2,−1,−5α
2
,
α− ρτ
2
; y
)
(15)
η(2)(y) = y1/2HeunC
(
−2α, 1/2,−1,−5α
2
,
α− ρτ
2
; y
)
(16)
The spectrum of the eigenvalues for the parameter ρ is defined by the bound-
ary conditions. For the latter we impose the usual requirement that the dis-
tribution function f(x, t) must be finite at the boundary. In fact, due to the
divergence of our double-well Maier-Saupe uniaxial potential of mean torque
at the boundary (V (x)→∞ at x→ ±1) we require that f(x, t) must be zero
there
limx→±1f(x, t) = 0 (17)
The latter yields
limx→±1η
(i)(x) = 0 (18)
for both i = 1, 2 or equivalently
limy→1η
(i)(y) = 0 (19)
We denote
∆n = ρ
(1)
n τ (20)
Ωm = ρ
(2)
m τ (21)
The equation for the spectrum of eigenvalues of ∆n (n = 1, 2, 3, ...) for η
(1)
n (y)
is
HeunC
(
−2α,−1/2,−1,−5α
2
,
α−∆n
2
; y → 1
)
= 0 (22)
That for the spectrum of eigenvalues of Ωm (m = 1, 2, 3, ...) for η
(2)
m (y) is
HeunC
(
−2α, 1/2,−1,−5α
2
,
α− Ωm
2
; y → 1
)
= 0 (23)
These equations can be solved only numerically but Maple easily copes with
this problem. One always obtains ∆1 = 0 while the lowest Ω1 is always nonzero
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Fig. 2. The dependence of the spectrum of the eigenvalues of ∆n (obtained as the
solution of (22)) on the barrier height (∆2 is the bottom line, ..., ∆6 is the top one).
This spectrum characterizes the first set of eigenfunctions (15) of the Smoluchowski’s
operator LS if the Smoluchowski’s equation under study (3) to be written in the
formal way f˙ = LSf .
and the corresponding term mainly determines the behavior of the distribution
function f(ψ, t) and MFPT calculated with its help. The dependence of Ωn
and ∆m = 0 on the parameter α is depicted in Fig.2 and Fig.3 respectively.
It should be stressed that at large barrier heights the value of Ω1 becomes
very small as Fig.3 testifies.
4 Probability distribution function
We return to the variable ψ with the help of (4) and (13). Then the general
solution of SE (3) can be written as
f(ψ, t) = C1η
(1)
1 (ψ) +
∞∑
n=2
Cn exp (−∆nt/τ) η(1)n (ψ)+
∞∑
m=1
Dm exp (−Ωmt/τ) η(2)m (ψ) (24)
The crucial issue for the calculation of the coefficients Cn and Dm is the
following one: being the solution of the boundary problems both η(1)n (ψ) and
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Fig. 3. The dependence of the spectrum of the eigenvalues of Ωm (obtained as
the solution of (23)) on the barrier height (Ω1 is the bottom line, ..., Ω6 is the
top one). This spectrum characterizes the second set of eigenfunctions (16) of the
Smoluchowski’s operator LS if the Smoluchowski’s equation under study (3) to be
written in the formal way f˙ = LSf .
η(2)m (ψ) are full sets of the orthogonal functions. Besides, as they belong to
different fundamental solutions they are orthogonal to one another
pi∫
0
dψ sinψ η
(i)
l (ψ)η
(j)
m (ψ) ∝ δlmδij (25)
for i, j = 1, 2 and any function can be expanded into a series over η(1)n (ψ) or
η(2)m (ψ). At time t = 0 (24) yields (with taking into account (2))
2
sinψ0
δ(ψ − ψ0) =
∞∑
n=1
Cnη
(1)
n (ψ) +
∞∑
m=1
Dmη
(2)
m (ψ) (26)
Then the coefficients Cn and Dm are obtained by multiplying (26) by η
(1)
n (ψ)
or η(2)m (ψ) and integration over ψ with taking into account (25)
Cn = 2η
(1)
n (ψ0)

 pi∫
0
dψ sinψ
[
η(1)n (ψ)
]2
−1
(27)
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and
Dm = 2η
(2)
m (ψ0)

 pi∫
0
dψ sinψ
[
η(2)m (ψ)
]2
−1
(28)
Thus, we have the explicit algorithm for obtaining the coefficients Cn and
Dm along with the corresponding spectra ∆n and Ωm that makes the solution
of our problem to be completed. Substitution of all these values into (24)
yields the required probability distribution function. Of course, in practice a
truncation of the series is necessary, i.e., replacement of the infinity by some
finite number M that is determined by the required accuracy. Below we prove
that in practice the first terms M = 1 (i.e., those with the coefficients C1 and
D1) provide sufficient accuracy (see Fig. 6 and discussion in Sec. 6).
5 Mean first passage time and longitudinal correlation time
To exhibit how the result obtained may be useful we calculate with its help
the dependence of MFPT on the barrier height α. Our effective Maier-Saupe
uniaxial potential of mean torque is (see (7), (8) and (9))
1
kBT
V (ψ) = 2α sin2 ψ − ln
(
sin2 ψ
)
(29)
It is depicted in Fig. 1. It has two local minima the left of which is at
ψL = arcsin
(
1√
2α
)
(30)
and the maximum at
ψM =
pi
2
(31)
First we calculate the non-averaged MFTP. We set the initial condition to
be the system in the left local minimum ψ0 = ψL. It is worthy to recall that
our solution of SE f(ψ, t) is actually the conditional probability f(ψ, t) ≡
P (ψ, t;ψ0, 0) of finding the system at orientation ψ at time t, if the orientation
was ψ0 at time zero. Then, following Risken [6] we introduce the probability
Ω(ψ0, t) of realizations which have started at ψ0 = ψL and which have not yet
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reached one of the boundaries ψ = 0 or ψ = ψM up to the time t
Ω(ψ0, t) =
ψM∫
0
dψ sinψ f(ψ, t) (32)
The distribution function w(ψ0, T ) for the first passage time T (we use the
notations from [6] and note that this value is not to be confused with tempera-
ture which will further enter only implicitly via α from (9) and via 1/ (kBT ) =
2α/b) is
w(ψ0, T ) = −∂Ω(ψ0, T )
∂T
(33)
The moments of the first passage time distribution are
Tn(ψ0) =
∞∫
0
dT T nw(ψ0, T ) (34)
The value of interest for us here is the MFPT T1
T1(ψ0) =
∞∫
0
dT Tw(ψ0, T ) (35)
that characterizes the ability for the system to reach the barrier top ψM start-
ing from the left minimum ψ0 = ψL. Thus, we have to calculate the quantity
T1(ψ0) = −
ψM∫
0
dψ sinψ
∞∫
0
dT T
∂f(ψ, T )
∂T
(36)
After straightforward calculations we obtain
1
τ
T1(ψ0) =
D1
Ω1
ψM∫
0
dψ sinψ η
(2)
1 (ψ)+
∞∑
n=1
ψM∫
0
dψ sinψ
[
Cn
∆n
η(1)n (ψ) +
Dn
Ωn
η(2)n (ψ)
]
(37)
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Fig. 4. The dependence of the mean first passage time for the transition from the
well of the symmetric double-well Maier-Saupe uniaxial potential of mean torque
V (ψ) = b sin2 ψ−kBT ln
(
sin2 ψ
)
on the parameter b which characterizes the barrier
height. The dots are the result of our approach developed in the present paper. The
dashed line is the result of the Kramers’ estimate for the transition rate in the high
friction limit (45). The continuous line is the result of the approach developed by
Coffey, Kalmykov, De´jardin and their coauthors (42).
Finally, we calculate the averaged MFPT < T1 > for the case when the initial
condition is thermodynamically averaged over the left well
< T1 >=

 pi∫
0
dψ0 sinψ0 exp
(
−V (ψ0)
kBT
)
−1
×
ψM∫
0
dψ0 sinψ0 exp
(
−V (ψ0)
kBT
)
T1(ψ0) (38)
It is worthy to recall here that the coefficients Cn and Dn are the functions
of the initial condition ψ0, i.e., explicitly Cn ≡ Cn (ψ0) and Dn ≡ Dn (ψ0).
The results of numerical calculation of < T1 > are presented in Fig.4. There
the results for the averaged MFPT < T1 > obtained from our numerical
calculations are compared with the analytical estimate from the Kramers’
theory for the transition rate
1
τ
< T1 >≈ 1
ΓK
(39)
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If we return again to the variable x = cosψ and denote
h(x) ≡ 1
kBT
V (x) = 2α (1− x2)− ln(1− x2) (40)
then the Kramers’ formula takes the form [19], [20],
ΓK =
√
h′′xx (xL) | h′′xx (xM) |
2pi
exp {− [h (xM )− h (xL)]} (41)
Also in Fig.4 the results of the approach of Coffey, Kalmykov, De´jardin and
their coauthors (CKD) are presented. The latter in our case of the potential
(29) is eq. (1.18.1.7) of [26]
< T1 >
τ
= 2
pi/2∫
0
dψ′
e2α sin
2 ψ′−ln(sin2 ψ′)
sinψ′
ψ′∫
0
dψ sinψ e−2α sin
2 ψ+ln(sin2 ψ)(42)
Following CKD we introduce the longitudinal correlation function
< cosψ(0) cosψ(t) >
< cos2 ψ(0) >
=


pi∫
0
dψ sinψ
pi∫
0
dψ0 sinψ0 cosψ0 cosψ f(ψ, t)

×


pi∫
0
dψ sinψ
pi∫
0
dψ0 sinψ0 (cosψ0)
2 f(ψ, t)


−1
(43)
where the averaging < ... > is carried out with the help of the obtained
distribution function f(ψ, t) given by (24). Also, we define the longitudinal
correlation time
τ|| =
∞∫
0
dt
< cosψ(0) cosψ(t) >
< cos2 ψ(0) >
(44)
In Fig.5 the results of calculations of the value τ|| are presented. They are
compared with the result of CKD that in the case of the potential (29) is eq.
(2.10.25) of [26]
1
τ
τCKD|| =
2
Z < cos2 ψ >0
×
pi∫
0
dψ′
e2α sin
2 ψ′−ln(sin2 ψ′)
sinψ′


ψ′∫
0
dψ sinψ cosψ e−2α sin
2 ψ+ln(sin2 ψ)


2
(45)
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Fig. 5. The dependence of the longitudinal correlation time for rotational mo-
tion in the symmetric double-well Maier-Saupe uniaxial potential of mean torque
V (ψ) = b sin2 ψ − kBT ln
(
sin2 ψ
)
on the parameter b which characterizes the bar-
rier height. The dots are the result of our approach developed in the present paper.
The line is the result of the approach developed by Coffey, Kalmykov, De´jardin and
their coauthors (45).
where
Z =
pi∫
0
dψ sinψ e−2α sin
2 ψ+ln(sin2 ψ) (46)
and
< cos2 ψ >0=
1
Z
pi∫
0
dψ sinψ cos2 ψ e−2α sin
2 ψ+ln(sin2 ψ) (47)
Finally, in Fig.6 we plot the dependence of our calculated MFPT on the trun-
cation number M in the series (24).
6 Results and discussion
To clarify the terminology it should be stressed that we deal with barrier
heights in the energetic units (i.e., conceive it to be the ratio of its value in
the natural units to the product of the Boltzmann constant and temperature).
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Fig. 6. The dependence of the mean first passage time for the transition from the
well of the symmetric double-well Maier-Saupe uniaxial potential of mean torque
V (ψ) = b sin2 ψ − kBT ln
(
sin2 ψ
)
on the truncation number M in the series (24)
(b/ (kBT ) = 1 is the bottom line, ..., b/ (kBT ) = 20 is the top one).
Thus, e.g., the low barrier regime may well be realized for high barriers in the
natural units at sufficiently high temperatures. Namely in this sense we further
use the notions of the intermediate to high barrier (low temperature) region
and the low barrier (high temperature) one.
Fig.4 testifies our approach yields absolutely identical results with CKD one
(42) in the intermediate to high barrier region, i.e., at barrier heights greater
than b/ (kBT ) ≈ 4 (σ ≈ 3). The Kramers’ estimate for the transition rate in
the high friction limit (41) yields excellent approximation for the double-well
Maier-Saupe potential at b/ (kBT ) greater than ≈ 4. We conclude that in the
intermediate to high barrier region our results are in full agreement with the
known literature ones.
In the low barrier region our results yield noticeably smaller values for MFPT
than those predicted by both the Kramers’ estimate (41) and that of CKD
(42). We conclude that in this region the formula (42) of CKD (or more ac-
curately, eq. (1.18.1.7) of [26]) appreciably overestimates MFPT or in other
words predicts too small values for the transition rates from the potential
well. The reason of the discrepancy between our results for very small bar-
rier heights for MFPT and those of CKD seen in Fig.4 is in the fact that
their formula (42) (or more accurately, eq. (1.18.1.7) of [26]) is obtained in
the stationary limit. It seems that for very small barrier heights the tran-
sient dynamics plays a crucial role and has to be taken into account explicitly.
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The latter requirement is satisfied both in our approach and at deriving the
CKD formula for the longitudinal correlation time (45) (or more accurately,
eq. (2.10.25) of [26]). Fig. 5 testifies that for the longitudinal correlation time
we obtain absolute identity of our results with those of CKD (45) in the whole
range of barrier heights.
The characteristic feature is that both MFPT (Fig.4) and the longitudinal
correlation time (Fig. 5) are smaller than the relaxation time τ for very small
barrier heights. It is noticeable that the formulas of CKD also lead to such a
conclusion (see Fig.4 and Fig.5). The physical sense of it may be as follows. The
relaxation time τ is an average characteristic rather than a minimal possible
time of the processes in the system. Its value sets the time scale for the motion
proceeding in the diffusional regime. The characteristic length figuring in the
relaxation time is the radius of a rotating sphere that models the physical
object of interest. Thus, in itself τ is a rather rough parameter that does
not take into account either the characteristic distance of the motion or the
form of the potential. When the barrier height in our double-well Maier-Saupe
potential becomes very small the distance between its minimums also becomes
very small (they coalesce at ψ = pi/2) in contrast to the ordinary Maier-Saupe
one where they still remain at ψ = 0 and ψ = pi. In this case the distance
for the motion becomes commensurable or even less than the characteristic
length figuring in the relaxation time. In our opinion, it is not surprising that to
move a vanishingly small distance over a vanishingly small barrier the system
requires lesser time than τ (MFPT < τ).
To prove the convergence of the obtained series (24) we plot in Fig.6 the
dependence of the calculated value for MFPT on the truncation number M .
This Fig. shows that M = 1 provides sufficient accuracy because the results
cease to change at further increase ofM for all barrier heights. This fact can be
anticipated for large barrier heights where the term M = 1 or more precisely
the term with the coefficient D1 overwhelmingly dominates the dynamics of
the system due to very low values of the smallest non-vanishing eigenvalue Ω1
(see Fig. 3). However, our results testify that also for small barrier heights the
the terms with the coefficient C1 and D1 in the series (24) are sufficient.
Our approach yields directly the probability distribution function rather than
the statistical moments (i.e., values averaged over it). We recall that CKD
enables one to obtain the reformulation of the problem as the differential-
recurrence relations for the longitudinal and transverse correlation functions.
A systematic way for their analysis has been suggested that yields ”exact
analytic solutions for the longitudinal and transverse complex susceptibilities
and correlation times for many problems of practical interest” [26]. However,
in some applications (e.g., to relaxation processes in NMR) it is desirable to
work namely with the distribution function taken alone. The virtue of our
approach is in providing such option.
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Our approach yields the exact solution of SE (3) along with that of CKD. Let
us formally write this equation as f˙ = LSf where LS is the Smoluchowski’s
operator. Then the difference of our exact solution from that of CKD can be
explained as follows. The authors of CKD expand f over Legendre polynomi-
als while we expand it over the eigenfunctions of LS . The latter are expressed
over CHF which at present can be considered as a well tabulated special func-
tion. Efficient numerical algorithms for it are available in the literature let
alone an explicit realization in Maple that makes its usage a routine prob-
lem. In fact, to deal with CHF is no harder than with Legendre polynomials.
Moreover, CKD approach leads to recurrence system for the coefficients in
the expansion when those with lower indexes are related to higher ones. To
cope with such system is a difficult problem in itself though it is successfully
solved in the above mentioned papers. In our exact solution the coefficients
with different indexes in the expansion are independent of each other. How-
ever, besides the advantages of our solution over the approximate one there are
drawbacks. Within the framework of CKD approach the authors of the above
mentioned papers manage to obtain an analytical expression for the smallest
non-vanishing eigenvalue. In our approach that is obtained as a solution of
(23). The latter is to be solved numerically. In the present paper we do not
try to obtain an analytical expression for Ω1 from (23). Also, our approach is
developed only for symmetric uniaxial potential of mean torque. The crucial
substitution (13) can work only for potentials with even powers of cosψ or
sinψ and can not be generalized to odd powers leading to the asymmetry of
the potential.
In conclusion, we revisit a rather old problem of rotational motion in a double-
well potential of mean torque. The corresponding physical process is within
the framework of the escape rate theory that is more than seventy years old (if
to count from the cornerstone Kramers’ paper). Nevertheless, the some useful
tools for its exact analytic treatment (the theory of CHF and its convenient
numerical realizations) were developed relatively recently. Their application
provides a new way to rederive old and well known results and yields a com-
plementary development to them.
Acknowledgements. The author is grateful to Dr. Yu.F. Zuev for helpful dis-
cussions. The work was supported by the grant from RFBR.
7 Appendix
Maple is very efficient for numerical search of the roots of (22) and (23).
Unfortunately, the calculations of the integrals containing HeunC by Maple
proves to be too time consuming that makes the analysis of < T1 > with
the help of this program to be practically inconvenient. Besides, one can not
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control the processing at its usage [47]. For this reason, we prefer to employ the
explicit numerical realization of the CHF. We find that the required accuracy
can well be retained at reducing the number of terms in the definition of
the CHF by a series. As a consequence the processing time is diminished
substantially. For this purpose, we make use of the explicit representation of
the CHF by a series [45]. It includes the three-term recurrence relation [45],
[48] that in our case takes the form for the first solution of (14)
η(1)(y) = HeunC
(
−2α,−1/2,−1,−5α
2
,
α− ρτ
2
; y
)
=
∞∑
k=0
v
(1)
k
(
−2α,−1/2,−1,−5α
2
,
α− ρτ
2
)
yk (48)
where
A
(1)
k v
(1)
k = B
(1)
k v
(1)
k−1 + C
(1)
k v
(1)
k−2 (49)
with the initial conditions v
(1)
−1 = 0, v
(1)
0 = 1. Here
A
(1)
k = 1−
1
2k
(50)
B
(1)
k = 1 +
4α− 5
2k
+
4− 4α− 2ρτ
4k2
(51)
C
(1)
k = −
2α
k2
(
k − 1
2
)
(52)
For the second solution of (14) we have
y−1/2η(2)(y) = HeunC
(
−2α, 1/2,−1,−5α
2
,
α− ρτ
2
; y
)
=
∞∑
k=0
v
(2)
k
(
−2α, 1/2,−1,−5α
2
,
α− ρτ
2
)
yk (53)
where
A
(2)
k v
(2)
k = B
(2)
k v
(2)
k−1 + C
(2)
k v
(2)
k−2 (54)
with the initial conditions v
(2)
−1 = 0, v
(2)
0 = 1. Here
A
(2)
k = 1 +
1
2k
(55)
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B
(2)
k = 1 +
4α− 3
2k
− ρτ
2k2
(56)
C
(2)
k = −
2α
k
(57)
To provide fast convergence of the series in (48) and (53) we truncate them,
i.e., replace the infinity by some large but finite N which we choose from the
requirement that the obtained values of < T1 > /τ cease to change within
the limits of the required accuracy. Under these approximations we obtain an
efficient numerical algorithm for calculating the integrals with the our CHF.
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